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NODE CENTRALITY 
 
The centrality of a node is a measure of its importance in the network. 
 
 
Degree 
 
The importance of a node can trivially be captured 
by the number ik  of its neighbors (i.e. interactions, 
communication channels, sources-destinations of 
information, etc.). 
 
           The "hubs" are the most central nodes. 

 
 
In weighted networks, use the strength 𝑠𝑠𝑖𝑖. 
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Betweenness 
 
The degree centrality may fail in some cases... 
 
 
 
 
 
 
 
 
 
 
The betweenness 𝑏𝑏𝑖𝑖  of node i  is the number of shortest paths (connecting all the 
pairs of nodes of the network) that pass through i . 
 

𝑏𝑏𝑖𝑖 = �
n. of shortest paths connecting 𝑗𝑗, 𝑘𝑘 via 𝑖𝑖

n. of shortest paths connecting 𝑗𝑗,𝑘𝑘 
𝑗𝑗,𝑘𝑘

= �
𝑛𝑛𝑗𝑗𝑗𝑗(𝑖𝑖)
𝑛𝑛𝑗𝑗𝑗𝑗𝑗𝑗,𝑘𝑘

 

 
Similar definition for link betweenness. 
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Anomalous nodes might emerge when comparing degree and betweenness. 
 
 
Example: the worldwide air transportation 
network (Guimerà et al., 2005) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
There are anomalous cities (=nodes) with very 
low degree but very high betweenness. 
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Closeness centrality 
 
A node is central if, on average, it is close (=short distance) to all other nodes: it 
has better access to information, more direct influence on other nodes, etc. 
 
The average distance from 𝑖𝑖 to all the other nodes is: 
 

𝑙𝑙𝑖𝑖 =
1

𝑁𝑁 − 1
�𝑑𝑑𝑖𝑖𝑖𝑖
𝑗𝑗

 

 
The closeness centrality is defined as 
 

𝑐𝑐𝑖𝑖 =
1
𝑙𝑙𝑖𝑖

=
𝑁𝑁 − 1
∑ 𝑑𝑑𝑖𝑖𝑖𝑖𝑗𝑗

 

 
 
If the network is directed, we must distinguish between in- and out-closeness. 
 
If the network is weighted, several (non trivial) generalized definitions are available. 
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Eigenvector centrality 
 
The centrality iγ  is (proportional to) the sum of the centralities of the neighbors 
(i.e., a node is important if it relates to important nodes). 
 

𝛾𝛾𝑖𝑖 = 𝛼𝛼� 𝑎𝑎𝑖𝑖𝑖𝑖𝛾𝛾𝑗𝑗
𝑗𝑗

 

 
Letting [ ]TNγγγγ 21=  and αλ /1= , we obtain the eigenvector equation 
 

λγγ =A  
 
If the network is connected (= A is irreducible), the centralities iγ  are given by the only solution with 

0>λ , 0>iγ  for all i  (Frobenius-Perron theorem). 

 
 
• applications in social networks (who is the most influential individual?)  
• applications in web searching (with some modifications: Google "PageRank" - 

which is the most important webpage?) 
• another modification is Katz (or alpha-) centrality: 𝛾𝛾𝑖𝑖 = 𝛼𝛼∑ 𝑎𝑎𝑖𝑖𝑖𝑖𝛾𝛾𝑗𝑗𝑗𝑗 + 𝛽𝛽 
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betweenness                closeness 

 
eigenvector                     degree  
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Authorities and Hubs 
 
In directed networks, we can take into account the different role of in- and out-
links. 
 

“authority” score ix  : a node with large ix  is pointed by highly ranked nodes 
 

“hub” score iy  : a node with large iy  points to highly ranked nodes 
 

∑=
j jjii yax α             ∑=

j jiji xay β  

 
 
For example, in the World Trade Network: 
 

• “authorities” (= nodes with large ix ) 
are countries with large import flows 
("consumers") 
 

• “hubs” (= nodes with large iy ) are 
countries with large export flows 
("producers") 
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RANDOM WALKS ON NETWORKS 
 

A random walk is a path formed by a sequence of random steps. 
 
The term is first attributed to Karl Pearson 
[Nature, 1905]. 
 
 
Applications in ecology, economics, 
psychology, computer science, physics, 
chemistry, biology, etc. 
 
 
 

Many variants: 
 

• discrete vs continuous time 
• uniform vs non-uniform step 
• Markovian vs non-Markovian process 
• etc. 
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Random walks on networks 
 
 
In a binary (unweighed) network, the random 
walker in node 𝑖𝑖 chooses an out-link 𝑖𝑖 → 𝑗𝑗  with 
uniform probability: 
 

𝑝𝑝𝑖𝑖𝑖𝑖 =
𝑎𝑎𝑖𝑖𝑖𝑖
𝑘𝑘𝑖𝑖𝑜𝑜𝑜𝑜𝑜𝑜

 

 
 
In a weighted network, the out-link is chosen with 
probability proportional to its weight: 
 

𝑝𝑝𝑖𝑖𝑖𝑖 =
𝑤𝑤𝑖𝑖𝑖𝑖
∑ 𝑤𝑤𝑖𝑖𝑖𝑖𝑗𝑗

=
𝑤𝑤𝑖𝑖𝑖𝑖
𝑠𝑠𝑖𝑖𝑜𝑜𝑜𝑜𝑜𝑜

 

 
𝑃𝑃 = [𝑝𝑝𝑖𝑖𝑖𝑖] is the 𝑁𝑁 × 𝑁𝑁 transition matrix. 
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Random walks and Markov chains 
 
𝜋𝜋𝑖𝑖,𝑡𝑡 = state probability = probability of being in node 𝑖𝑖 at time 𝑡𝑡 (∑ 𝜋𝜋𝑖𝑖,𝑡𝑡𝑖𝑖 = 1 ∀𝑡𝑡) 
 
𝜋𝜋𝑡𝑡 = (𝜋𝜋1,𝑡𝑡 𝜋𝜋2,𝑡𝑡 ⋯ 𝜋𝜋𝑁𝑁,𝑡𝑡) evolves according to the Markov chain equation  
 

𝜋𝜋𝑡𝑡+1 = 𝜋𝜋𝑡𝑡𝑃𝑃 , 𝜋𝜋𝑖𝑖,𝑡𝑡+1 = 𝜋𝜋1,𝑡𝑡𝑝𝑝1𝑖𝑖 + 𝜋𝜋2,𝑡𝑡𝑝𝑝2𝑖𝑖 + ⋯+ 𝜋𝜋𝑁𝑁,𝑡𝑡𝑝𝑝𝑁𝑁𝑁𝑁 
 
If the network is strongly connected ⇒ 
     ⇒ the transition matrix 𝑃𝑃 = �𝑝𝑝𝑖𝑖𝑖𝑖� is irreducible ⇒ 
          ⇒ there exists a unique stationary state probability distribution 𝜋𝜋 = 𝜋𝜋𝜋𝜋, which is strictly 
             positive (𝜋𝜋𝑖𝑖 > 0 for all 𝑖𝑖). 
 
 

𝜋𝜋𝑖𝑖 = fraction of time spent on node 𝑖𝑖  
= centrality of node 𝑖𝑖 

 
 
In undirected networks, 𝜋𝜋𝑖𝑖 is the (rescaled) node strength 𝜋𝜋𝑖𝑖 =
𝑠𝑠𝑖𝑖 ∑ 𝑠𝑠𝑗𝑗𝑗𝑗⁄  
 
In directed networks, 𝜋𝜋𝑖𝑖 turns out to be mostly correlated to 
the in-strength 𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 (example: WWW). 
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Example: the World Trade Network (2008) 
 
The trading system can be modelled as a directed, weighted network: 𝑤𝑤𝑖𝑖𝑖𝑖 is the export flow 
(million US dollars) from country 𝑖𝑖 to country 𝑗𝑗  
 

• The strongly connected component includes 𝑁𝑁 = 181 countries (94% of the total). 
 

• The network is extremely dense ( 𝐿𝐿
𝑁𝑁(𝑁𝑁−1)

= 0.65) ... 
 

• ... and very heterogeneous (multi-scale) in node degrees, node strengths, and link weights. 
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In the WTN, centrality 𝜋𝜋𝑖𝑖 strongly 
correlates with the in-strength 𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖... 
 
 
 
 
 
 

 
 
 
...but it also fairly correlates with the 
out-strength 𝑠𝑠𝑖𝑖𝑜𝑜𝑜𝑜𝑜𝑜 (because the latter 
correlates with 𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖). 
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PageRank ("Google") centrality 
 

Most directed networks are not connected. 
The solution to 𝜋𝜋 = 𝜋𝜋𝜋𝜋 is not unique or non positive, or the Markov chain might be not even well defined. 

 
 
Teleportation: at each time step, the random walker 
has probability γ > 0 to jump to a randomly selected 
node. 
 

𝑝𝑝𝑖𝑖𝑖𝑖 → 𝑝𝑝′𝑖𝑖𝑖𝑖 = (1 − 𝛾𝛾) 𝑤𝑤𝑖𝑖𝑖𝑖

𝑠𝑠𝑖𝑖
𝑜𝑜𝑜𝑜𝑜𝑜 + 𝛾𝛾 1

𝑁𝑁
 

 
 
 
The network becomes complete (all-to-all) thus connected ⇒ 
there exists a unique strictly positive solution to 𝜋𝜋 = 𝜋𝜋𝜋𝜋′. 
 

𝜋𝜋𝑖𝑖 = PageRank of node 𝑖𝑖  
 
 

A proper value for γ ?  
Not too large (the network would be heavily modified) nor too small (𝜋𝜋𝑖𝑖 too sensitive to 𝛾𝛾). 

The standard (Google) value is 𝛾𝛾 = 0.15.  
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The WWW is an extremely heterogeneous network with self-organized structure. 
 

Google ranking exploits the network structure for retrieving information. 
 

 
Examples of PageRank values (in logarithmic scale 1-10 – e.g. checkpagerank.net): 

 
 

RISULTATI 
 

 

 apple.com Google PageRank: 9/10 
 

 bbc.co.uk Google PageRank: 9/10 
 

 repubblica.it Google PageRank: 8/10 
 

polimi.it Google PageRank: 6/10 
 
 

 

 
Technical problem: (re)computing 𝜋𝜋𝑖𝑖 in a network with trillions of nodes.  
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Many other  
centrality measures 
have been proposed… 
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