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NETWORKS 
 
A network is represented by a graph with N  nodes (or vertices) and L links (or 
edges). 
 
Nodes represent individuals, objects, subsystems, etc..  
Links represent interactions, dependencies, communication channels, etc. 
 

 
 
A network can be undirected (a,c) or directed (b); weighted (c) or unweighted (binary) (a,b). 
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Networks provide a truly interdisciplinary modeling tool... 
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Social networks... 
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Information networks... 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

journal-to-journal citation network 
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Transportation networks... 
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Biological networks... 
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Similar problems are found in very different contexts: 
 
        common theories, methods, algorithms 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
The "directors network" of                                                                                     The protein interaction 
the Italian companies                                                                                                    network of yeast 
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ADJACENCY MATRIX  
 
An unweighted network is completely described 
by the NN ×  adjacency matrix ][ ijaA = : 
 

1=ija  if the link ji →  exists,  
 0=ija  otherwise 

 
A is symmetrical if the network is undirected, 
asymmetrical if the network is directed.  
 
 

Typically, A is a sparse matrix: small density 𝜌𝜌 = 𝐿𝐿
𝑁𝑁(𝑁𝑁−1)

 (dir.) or 𝜌𝜌 = 𝐿𝐿
𝑁𝑁(𝑁𝑁−1)/2

 (undir.). 
 

 
 
A weighted network is described by the NN ×  weight matrix 

][ ijwW = : 
 

0>ijw  if the link ji →  exists,  0=ijw  otherwise 
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In an undirected network, the degree ik  of node i  
is the number of links connected to i  (=the 
number of neighbors of i ): 
 
                    ∑=

j
iji ak    

 
 
 
The NN ×  Laplacian matrix  
 

AkkkdiagL N −= ),,,( 21   
 
is an alternative network representation, where: 
 

iii kl =   ,  Ni ,,2,1 =  
1−=ijl  if the link ji ↔  exists,  0=ijl  otherwise ( ji ≠ ) 

 
L is symmetric and zero-row-sum, and ( L− ) is a Metzler matrix ⇒  spectral properties 

 
  

ki=5 
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BIPARTITE ("TWO-MODE") NETWORKS 
 
They are composed of two distinct classes 
of nodes, 1S  (𝑝𝑝 nodes) and 2S  (𝑞𝑞 nodes). 
 
Links can only connect nodes of different 
classes. 
 
 
Examples: papers/authors, boards/directors, movies/actors, meetings/persons, 
reactions/reactants … 
 
 
 
A bipartite network is described by the 𝑝𝑝 × 𝑞𝑞 (rectangular) incidence matrix: 
 

𝐵𝐵 = �

1 1 1 1 1 0 0 0 0 0 0
0 1 0 1 0 1 1 0 0 0 0
0 0 0 0 0 1 0 1 1 0 0
0 0 0 0 0 0 1 0 1 1 1

� 
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An ordinary ("one-mode") weighted network is obtained by projection, e.g., onto 
the set 𝑆𝑆2: 
 
In the projected network, the weight of the link 𝑖𝑖 ↔ 𝑗𝑗 is the number of neighbors that 𝑖𝑖, 𝑗𝑗 have 
in common in 𝑆𝑆1 in the bipartite network. 
 
To obtain the weight matrix 𝑊𝑊 of the projected network: 
 

• compute 𝑀𝑀 = 𝐵𝐵𝑇𝑇𝐵𝐵 
• set the diagonal entries to zero: 
 
           𝑊𝑊 = 𝐵𝐵𝑇𝑇𝐵𝐵 − 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑(𝐵𝐵𝑇𝑇𝐵𝐵) 

 
In the example: 
 

𝑀𝑀 =

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡
1 1 1 1 1 0 0 0 0 0 0
1 2 1 2 1 1 1 0 0 0 0
1 1 1 1 1 0 0 0 0 0 0
1 2 1 2 1 1 1 0 0 0 0
1 1 1 1 1 0 0 0 0 0 0
0 1 0 1 0 2 1 1 1 0 0
0 1 0 1 0 1 2 0 1 1 1
0 0 0 0 0 1 0 1 1 0 0
0 0 0 0 0 1 1 1 2 1 1
0 0 0 0 0 0 1 0 1 1 1
0 0 0 0 0 0 1 0 1 1 1⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤
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COMPONENTS 
 
A network is connected if, for any nodes 𝑖𝑖, 𝑗𝑗, there is a path 𝑖𝑖 → 𝑗𝑗. 
 
A component is a (maximal) connected subnetwork. 
 
 
 
A directed network is weakly connected if the undirected 
network obtained neglecting directions is connected. 
 
A connected directed network is often denoted as strongly 
connected, to emphasize the difference with weak 
connectivity. 
 
 

 
 
 
 
 
A giant component is a component whose size scales with 𝑁𝑁. 
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Directed networks call for a more detailed classification. A typical scenario: 
 

 
 

SCC: there is a directed path joining any pair of nodes 
IN: nodes from which there is a directed path to SCC 

OUT: nodes to which there is a directed path from SCC 
tendrils and tubes cannot be reached from the SCC 

 
[warning: despite their name the IN and OUT subnetworks are not components] 

 
SCC + IN + OUT + tendrils + tubes = Weakly Connected Component (WCC) 
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